(U,S,)0 = U,(S¿),
2. (r\vSr)<t> = Ç)ASd>), for every (finite or infinite) set of subgroups 5" of G. We call proper any lattice homomorphism which is neither a lattice isomorphism , nor a trivial lattice homomorphism (S<p = 1 for every 5 in L(G)). The general problem which now presents itself is the characterization of those (subgroup) lattice mappings which are proper lattice homomorphisms, and of those groups which admit proper lattice homomorphisms (cf. Whitman [l] 
,2 Zappa [l] and [2], and Suzuki [l]).
A specialization of this problem arises when we consider a lattice mapping which is induced by a (group) homomorphism.
It is easily seen that such a mapping preserves unions. Under what conditions will it be a (proper) lattice homomorphism?
The main concern of this note is the characterization of those homomorphisms which induce proper lattice homomorphisms, and of those groups which admit such homomorphisms.
A further specialization occurs in connection with a method suggested by G. Zappa for constructing lattice mappings which preserve intersections.
Let ii be a proper subgroup of a group G. Then the mapping \p of L(G) onto L(H) defined by 5* = 5 H H for each 5 in L (G) clearly preserves intersections. In case \¡/ is induced by an endomorphism of G, which maps G onto H, it will be a proper lattice homomorphism of G onto H. The special problem is to characterize those groups which admit endomorphisms which induce lattice mappings of the type ty. G. Zappa has formulated and solved these problems concerning D. G. HIGMAN
[June lattice homomorphisms induced by (group) homomorphisms, under the hypothesis that the groups involved are finite. It is the purpose of this note to remove this restriction. Our general results are independent of any hypotheses other than those of the problems as stated above, and include the results of Zappa. For the special problem, Theorem (1.1) is seen to be a direct extension of the Zappa result (Zappa [2, p. 185] ). For the main problem we obtain, as an application of our theorem (2.1), and under hypotheses which are weaker than actual finiteness, results which directly generalize those of Zappa (see Zappa [2, p. 191 ] and appendices A and B of this paper).
Notations. For a group G, L(G) equals the lattice of all subgroups of G. For any set of subgroups Sv of G, U,.S" equals the subgroup generated by the S" called the union of the S,; and f\,S, equals the intersection of the Sv. Also, if A and B are subgroups of G, A\JB equals the union of A and B, and AC\B equals the intersection of A and B.
' If 77 and K are groups, HXK equals the direct product of 77 and K. If there is an isomorphism of 77 onto K, we write H=K.
\s} equals the cyclic group generated by 5.
1. The special problem. The following lemma is required for the proof of Theorem (1.1).
Lemma (1.1) . Let N, 77 be proper subgroups of a group G. Then the following conditions are equivalent:
1.5= iSr\N) X iSr\H) for every subgroup S of G. 2. (a) G = NH, and Ni\H=\.
(b) n is in the cyclic group {nh} for every n in N, h in 77.
(a) G = NXH.
(b) the elements of G have finite order, and the orders of the elements of N are prime to the orders of the elements of 77.
Proof. 1 implies 2, for 1 implies 2(a) trivially. Let n be any element of N, h of 77. If n or h is equal to 1, there is nothing to prove.
Assume n?*\, h?*l. Then by 1, {nh} = i{nh] r\ N) X i{nh} H 77).
Hence nh = n'h', with n' in {nh}C\N, and h' in {nh}(~\H. But, since Nr\H=l, the expression of nh as a product of an element of N with an element of 77 is unique. Hence n = n', h = h'.
2 implies 3. Assume condition 2 satisfied, and let n 9* 1, h 9* 1 be two elements of N and 77 respectively.
(We have assumed N?*i, H9*1.) We have assumed that n is in {nh}, and hence h is in {nh}, so that n and h commute. It follows that G = NXH. It also follows that n and h have finite relatively prime orders, for there is an integer i such that n = (nh)' = nihi, so that n1_i = h' is in Ni~}H=l. Hence n and h have finite orders, say a and b respectively, such that 1 -i = i'a, and i = i"b. Hence a and b are relatively prime. Since G = N XH, every element of G has finite order.
We show finally that 3 implies 1. Assume condition 3 satisfied. Let 5 be any subgroup of G, s any element in 5. Then 5 may be expressed uniquely as a product nh, with « in N, h in H. We have merely to show that n and h are in 5. Let a and b be the orders of « and h respectively.
Then ax+by = 1, so that s = sax+by = saxsby. Now sax=(nh)ax = hax is in 5nip and sby = nby is in 5fW. Consequently, n = nby, and h = hax are in 5. q.e.d. Since Gw=H, r is an endomorphism of G which maps G onto H, and leaves fixed every element of H. Now, since 5w is contained in H, Su = St, for each 5 in L(G). Since Gt = H, and since r is idempotent, G = NH. 1) . If H is a proper subgroup of a group G, and w is an endomorphism of G such that So) = S(~\H for every subgroup S of G, then G = NXH, where N is the kernel of a>.
2. The main problem. In the following sections we investigate the conditions under which the mapping of L(G) onto L(G') induced by a (group) homomorphism co of G onto G' is a lattice homomorphism. Because, as is easily seen, every such mapping preserves unions, we need only be concerned with the conditions under which it preserves intersections. Let N be the kernel of co. Without loss in generality, we may identify G/N with G', co with the natural homomorphism of G onto G/N. We are thus led to the definition:
A group G has property (Z) if there is a normal subgroup N oí G such that the natural homomorphism to of G onto G/N induces a proper lattice homomorphism of G onto G/N. We shall also say that the pair N, G has property (Z).
If N=l, w is the identity automorphism of G, which naturally induces a lattice isomorphism. If N = G, co induces a trivial lattice homomorphism of G. We assume throughout our discussion that N9*l, G. •Sr
Proof. Let N, G be a pair having property (Z), and let co be the natural homomorphism of G onto G/N. Then for X a coset in G/N, {s}&= {X} for each 5 in X. But, since co is assumed to induce a lattice homomorphism, we also have (n«Gx{í})C0= {-"M-Hence, there is an element r in n«£x{s} such that r is in X.
Assume conversely that the pair N, G satisfies the conditions of the lemma, and consider any set of subgroups S, of G. Since co is single-valued, (Ç\vSv)w is contained in f),(S,w). We must show that for each coset X in G/N there is an element in f\rSr whose image under co is X, that is, which is in X. Now X in f\r(Sros) implies that for each v there is an s" in S, such that s, is in X. But we have assumed that given s, in X, there is r in X such that r is in ("ImMHence r is in (],Sr. q.e.d.
We now introduce some notation which will prove useful throughout our discussion. Let A7' be a normal subgroup of a group G. We de-note by <p the set of all primes which occur as orders of elements in G/N, and by K and N' the set of all elements of G and of N respectively whose orders have prime factors exclusively from <j>. We denote by N" the set of all elements of N whose orders have no prime factors from <b. Let us notice that for each X in G/N, the set X (~\ K is not empty.
For, let X be a coset in G/N, and let s be an element of G in X. Then we can write s = s's", where 5' and s" are in {s}, the order of s' has prime factors exclusively from <b, and the order of s" has no prime factors from <p. Now Ns" = N, since the order of 5" is prime to the order of every coset in G/N. Hence X = Ns = Ns', so that s' is in Xr\K.
Finally, for each p in <p, we denote by Np the set consisting of all those elements of N of order a power of p.
We now state the fundamental theorem of our discussion.
Theorem (2.1). Let N be a normal subgroup of a group G. Then the pair N, G has property (Z) if and only if the elements of G have finite order, and for each prime p in <p, (a) every element in G of order a power of p is in C, the centralizer of N in G, and (b) Np is contained in the cyclic group generated by any element in G, not in N, having order a power of p.
We establish the proof in a series of steps. First let N, G be a pair which has property (Z), and denote by R the set of all elements r, each of which is in Xnf|,ej{s| for some X -Nr in G/N. Consider any pair of elements r in R, n in N, and put s = nr. Then, by Lemma (2.1), r is in the cyclic group {s}. Hence there is an integer i such that r = s\ Hence n = sr~l = sl~', so that both « and r are in the cyclic group {5}, and hence commute. We have: 1. R is contained in C, the centralizer of N in G, and G = NC. Now r -(nr)' = n'r\ Hence:
2. For every r in R, n in N, there is an integer i such that r1^' = ni. It follows that the elements of G/N have finite order, for the elements of R have finite order modulo N, N^l, and every coset of G/N contains an element of R. Suppose now that X is in G/N, r in Ri^X. If we assume that X¿¿N, then r^l, and X has finite order, say w>0. Now r is congruent to r1+m modulo N, hence there is an integer tVO, such that r = r(-l+m)i, so that 7-<1+m)i-1 = 1. But (l+m)i -1^0, since m>0. Hence, since Rf~\N=l, every element of R has finite order. If n^i is in N, then, as above, there is an integer îVO, such that r1~i = ni. Consequently the elements of A7'have finite order. Finally, since G = NR, and R is contained in C, we have:
3. The elements of G have finite order. Let now X be a coset in G/N of order (a power of) a prime p. Then there is an element d in X of order a power of p. Let r be in RC\X; then r is in {d}, and hence r has order a power of p. Conversely, if r in P has order a power of £, then the coset Nr in G/A7" has order a power of p. Hence :
4. There is an element in R of order a power of a prime p if and only if p is in <j>.
Let now p be a prime in <p, and suppose there is n in N of order a power of p. Let r be an element in R of order a power of p. Then r is in {nr}, and hence » is in {nr}. Thus {w} is a cyclic group of prime power order having {«} as a subgroup. Hence the cyclic group generated by any element of {nr} not in {n} contains n. In particular, « is in {r}. Now suppose there is in G an element d of order a power of p which is not in N. Let r be in RC\ND, then r is in {d}, and hence has order a power of p. Suppose d = nr, n in N. Then n = dr~1 is in {d}, and hence n has order a power of />. Hence, by the above, n is in {r}, n = r', so that d = nr= r'+1. Thus d is in {r}, and since ¿ is in Nr, d is in R, and hence in C. It also follows, from the above, that Np is contained in {d}, hence :
5. Let p be a prime in <p. Then every element in G of order a power of p is in the centralizer C of N in G, and the cyclic group generated by any element of G, not in N, of order a power of p contains Np.
We have established the necessity of the conditions of Theorem (2.1). Assume now conversely that the conditions of this theorem are satisfied by a group G and a normal subgroup A^ of G. Let X be any coset in G/N, t an element in XC^K such that the number of prime factors of the order of t is minimal for the elements of X(~\K. (We have shown that X(~\K is not empty.) By Lemma (2.1), it will suffice to show that for each n in N, t is in the cyclic group {nt}.
We can write í = íi¿2 • • ■ tk, where ti has order a power of a prime pi, and ti is in {t}, for i= 1, 2, • • • , k. We notice that no ti is in N, for otherwise tt¡~1 = t mod N, and the order of ttf1 has fewer prime factors than the order of t. For each n on N, we can write n = «o«i«2 •••»*, where «¿ is in {n} for i = 0, 1, ■ ■ ■ , k, the order of «< is a power of pi for i = 1, 2, • • • , k, and the order of no is prime to each of pi, p2, • ■ ■ , pk. Now, the primes pi are in <p, since t is in K. Hence Theorem (2.1), (b) implies that «¿ and ti are in the centralizer of A^ in G, and (c) implies that «< is in {t}, for i = 1, 2, ■ • • , k. Hence Hence / is contained in {nt}. The proof of Theorem (2.1) is now complete. Let N he a normal subgroup of a group G. Since clearly every coset in G/N contains an element whose order has prime divisors exclusively from <p, we have the following corollary.
Corollary (2.1). Condition (a) of Theorem (2.1) is equivalent to (a') G = A^C, where C is the centralizer of N in G.
And we notice that for each prime p in <¡>, there is an element in G> not in N, of order a power of p. Hence Theorem (2.1), (b) implies that Np is a cyclic group. Clearly N' is the direct product of the Np. We have now immediately the following corollary.
Corollary
(2.2). Condition (b) of Theorem (2.1) is equivalent to (h') for each prime p in d>, every (cyclic) p-group in G either contains, or is contained in, Np.
(2.3). If the pair N, G has property (Z), then for each p in <j>, Np is a cyclic group, and N' is the direct product of the Np, for all p indi.
3. Two reduction theorems. We require the notion of direct product with amalgamated central subgroup. Let U, V be two groups such that UC\ V=S belongs to the center of U and the center of V. Form the direct product U X V, as the set of all pairs (u, v) We have yet to show in case z^l, that the pair Z, C has property (Z). Clearly we need only concern ourselves with Theorem (2.1), (b). Since G/N=C/Z, the set of all primes which occur as orders of cosets of G/N and C/Z coincide. We have called this set <f>. Let d be any element of C, not in Z, such that d has order a power of a prime p in <p. Then d is not in N, since Z = NC\C, hence, condition (b) follows, since we have assumed that the pair N, G has property (Z).
Assume now conversely that the pair N, G satisfies the conditions of Theorem (2.1). We need only show that the pair N, G satisfies conditions (a) and (b) of Theorem (2.1). Condition 2 implies that G = NC, and hence that G/N^N/Z, so that again the set c6 is the same for the pair N, G and the pair Z, C. Let d be any element of G with order a power of a prime p in <j>. Now, G = NC implies that G/Z is the product of C/Z with N/Z, and since, by 3, the orders of the elements of C/Z and G/N=C/Z are relatively prime, the coset Zd is in C/Z. Thus d is in C, and hence (a) is satisfied. Because of this, and because of 4, the pair N, G satisfies (b). q.e.d.
By Theorem (3.1) we have reduced our problem to the study of pairs of groups N, G such that the elements of G have finite order, and N is a subgroup of the center of G (and hence is normal and abelian). It is clear that for such pairs, Theorem (2.1), (a) will always be satisfied. (b) , N"n is contained in {N"d}. Hence n = dk mod N" for some k, that is, n = n"dk, with n" in A7'. But, since the order of d is a power of a prime, and the orders of the elements of N" are prime to the order of the coset Nd, the order of «" is prime to the order of d. Thus, since «" and dk commute, «" = 1, and hence w is in {d}.
Assume conversely that the pair N, G has property (Z). Then let X, Y be two elements of G/N" such that X is in N/N", Y is not in N/N", and X and Y have orders a power of a prime p in <f>. Then there exists x in X, y in Y each having order a power of p. Thus, by Theorem (2.1), (b), x is in {y}. This implies that A" is in { Y}. q.e.d.
By means of Theorems (3.1) and (3.2) we have reduced our problem to the study of pairs N, G such that (*) N is in the center of G, and the existence in N of an element of prime order p implies the existence in G/N of a coset of order p.
If we now extend the definition of Np to all primes p by setting Np = l for every p not in d>, wë have immediately, by Theorem (2.1) and Corollary (2.2), the following theorem. We also note that for a pair N, G which satisfies condition (*), Corollary (2.3) reads as follows.
(3.1). For each prime p, Np is cyclic, and N is the direct product of the Np.
The construction problem which has now presented itself is to give a survey of all those pairs N, G which satisfy the conditions and hypotheses of Theorem (3.3).
Appendix A. Zappa has obtained, for a finite group which has property (Z), a decomposition which we now obtain under the somewhat weaker finiteness hypothesis (F') stated below, by application of the following well known result which is essentially due to Schur (cf. Zassenhaus [l, p. 125, Satz 24] ).
Let an abelian group U be a normal subgroup of a group V, and assume that V/ U has finite order. Then if the order of each element of U is prime to the order of V/ U, V splits over U.
Let us assume now that A7, G is a pair which has property (Z), and further, that the finiteness condition, (F') G/Z is finite, where Z is the center of N, is satisfied. Since N' is a subgroup of Z (Theorem (2.1), (a) and Corollary (2.3)) and Z is abelian, Z = N'XT, where T is the subgroup of Z consisting of those elements whose orders are prime to the orders of the elements in N'. Consider now N = N/T, and Z = Z/T. Clearly Z is abelian, and N/Z has finite order prime to the orders of the elements of Z. Hence, by the above theorem of Schur, there is a subgroup 5 of G which contains T, and is contained in N, such that N = ZXS/T, and hence N = N'XS. Now 5 consists of the set of all elements of N whose orders are prime to the orders of the elements of N', so that S = N", and N" is a characteristic subgroup of N. It follows, then, that N" is a normal subgroup of G, and hence we may form the group G/N". This group has finite order, since N' has finite order ((F') implies that the number of primes in c6 is finite) and we have assumed that G/Z is finite. Since property (Z) implies G = NC, G/N"^C/(Zr\N"); and the orders of the elements of ZC\N" are prime to the orders of the elements of C/(Z(~\N"). Thus, since ZC\N" is abelian, an application of Schur's theorem gives C= TX(Z (~\N") , and hence G = TXN", where T consists of all those elements of G whose orders are prime to the orders of the elements of N", so that T = K. We have finally that G = N" XK where N" is the subgroup of N consisting of all those elements of N whose orders have no prime factors from cp, and K is the subgroup of G consisting of all those elements of G whose orders have prime factors exclusively from <b. d>, we recall, is the set of all primes which occur as orders of cosets of G/N.
Appendix B. In this second appendix we give a characterization of certain ^-components of a group G having property (Z) which is analogous to the characterization of certain Sylow subgroups found by Zappa in the finite case. Again we require a finiteness hypothesis which is weaker than actual finiteness.
Let A7', G be a pair which has property (Z). Then, by Theorem (2.1), for each p in d> such that Npj¿\, every ^-component Pp of G contains Np as a proper subgroup, and every subgroup of Pp either contains, or is contained in, Np. Hence (cf. Baer [l, p. 827]), if Pp also satisfies the finiteness condition, (F") every finite set of elements in Pp generates a finite group, then Pp must have one of the following structures.
(i) if p is odd, or if Pp is abelian, then Pp is a cyclic group of order a power of p, or Pp is a group of type px. A group of type p is an abelian group generated by elements öi, a2, ■ ■ • such that ai has order p, and a?=a<_i.
(ii) if p = 2, and Pp is not abelian, then Pp is a dihedral group, that is, is generated by elements u, v subject to the relations W2" 1 = 1, M2" = V2, VUV1 = M-1, or Pp is an infinite dihedral group, that is, is generated by elements «ii u2, ■ ■ ■ , v such that Remark. We have not been able to ascertain whether or not the conditions (F') and (F") are necessary for the results of the appendices. Evidently what is needed to extend the result of appendix A to the general case is an extension of the theorem of Schur. Bibliography R. Baer
